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1. Background and motivation 

A correspondence between natural numbers and sequence of quadratic 
exponential functions is investigated in an elementary way. Never before 
the properties of these functions were analyzed in this fashion. Let / be a 
quadratic exponential function with (domain) £>(/) = N. For a given com- 
bination (say Ci) of integer parameters of /, we establish here that the map- 
ping of 1 G D{f) will be same as mapping of some integer n G D{f) (for 
the same combination of parameters). If we change the combination of pa- 
rameters (say C2), then the resultant mapping of 1 will be same as mapping 
of some ni E D{f). Here n ^ n\ and /(I) for C\ is not equal to /(I) for 
C2 i-e- /ci(l) 1^ fcii^)- See figure ll.ll We construct such quadratic expo- 
nential sequence of numbers and try to link them to the natural numbers. 

The readers will also see that for some G D{f), the distance from 1 to 
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will be equal to /(n^) in certain conditions. We apply these facts to estab- 
lish further interesting properties of convergence and derivative of /. Using 
RoUe's theorem we show that /'(9) = for the mid-point G (l,n/t)- 

Consider the quadratic function, Qi{x) = uix^ -\-v\x -\-w\ where u\ > 
0, vi, wi G M. Suppose wi = vi = ^ and mi(> 0),ni,ci G N, mi+ni is 
even, then Qi (x) is an integer for an integer x IHEIl. The versatile features 
of quadratic function when its coefficients are positive integers or real num- 
bers have been popular in modeling natural sciences Q. When quadratic 
function is taken as an exponent to the irrational number e, then the resultant 
function is called quadratic exponential function. Functions from such fam- 
ily were widely established tools in modeling biological data ||4l|3. These 
functions can even mimic properties of Gaussian probability functions Q. 
Suppose f{x) = exp (^ux^ + vx), v = ( — 1)^^^^ mu^^^^ , u,m,k G N, then for 
A = , it was proved that /( 1 ) = /( |A | ) . In fact this statement was also 
proved there for = 1 and w G M — {0} , m G N. We use these results and 
establish few interesting properties of such exponential function. By using 
RoUe's theorem we show that the derivative will be zero at the mid-point of 
the interval [1, . 

Note that obviously 2(1) = when Q{x) = ux^ + vx. Also note 

|A| = l-mu^''-^ if (1 > mi<2fc-2) or |A| = mw^^^^ _ i if (i< mu^^-^). Try 
and see that this absolute value function is necessary for deriving the results 
in this work. We begin with some simple results. 

Lemma 1.1. |A | is always a positive integer for any combination of{k, m,u} E 

n. 



Proof. \A\ - 



mu^^ 2 - 1. M G N ^ 2 G N (since 
m, M G N. Therefore |A| G N. ' □ 

Additionally, whenever u= (^)^, G N, then u^^^^ = which 
means | \=n. For that matter |A | could be equal to every natural number 
for a suitable combination of {k, m, w} G N. For example, {k= l,m = 2,a = 2} 
gives |A| = 1, {fc = l,m = 3,M = 2} gives |A| =2, {fc = l,m = 4,m = 2} 
gives |A| = 3, {A: = 3,m= 10,M = 8} gives |A| = 40959. We know that 
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Figure 1.1. /^(l) = fp{nk) for the p''^ combination of pa- 
rameters of / and n^: eN. 

/(I) = /(|A|). Therefore, we modify the previous result and state that as 
follows: 

Lemma 1.2. For any combination of {k,m,u} G N, there corresponds a 
/( 1 ) such that /( 1 ) = f{nk) for some n^ G N. 



Proof. From lemma fTTTl for every |A| there corresponds a n G N and f{l] 



/( |A I ) . Thus /( 1 ) = /(n^) for some n^ G N. 



□ 



Note 1.3. The domain of / is N. The value of /(I) is not same for every 
combination of {k^m^u} G N. Readers are suggested to keep this in mind 
for understanding the results presented in this work. 



2. Linking natural numbers and exponential function 

Theorem 2.1. When N is even, v = {-if"^^ mu^^^^ and {m, m, k,N] G N, 
then it follows that f{\) = f{nk), whenever |A| G N and for n^ G N. 
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Proof. /(l)=e"(i 
fore, |A| G A^for {m,u,k,N] G N. Now, 



: mu 



„Nk-2 







-1— 2mM' 



„m( l—mu' 



.Nk-2\ 



Therefore, /(I) = /(|A|). Since |A| consists of every element of N, it 
follows that /(I) =/(n). □ 

Theorem 2.2. When N is odd, k is even, v = ( — 1 ^ mu^^^ ^ and {m, w, fc, A^} G 
N, it follows that /(I) = f{nk), whenever |A| G N and for n^ G N. 



Proof. When A'^ is odd and k is even |A| = — — '— 

The rest of the proof can be deduced from theorem ITTI 



mu 



.Nk-2 



1. 

□ 



Remark 2.3. Suppose lemma [TTT] holds and fp denotes p''^ combination of 

{m,u,k}, say |mp,Mp,fcp} , then 



/i(l) = /i(2)^/i(3)^...^/i(n)^... 

/2(1) 7^ /2(2)=/2(3)^...^/2W^... 



fp{\) = fp{2)^fp{3)^...^fp{n)=fp{n+\)^... 



Remark 2.4. Given the theorem |2?T1 the distance ©, from |A| to 1 is equal 

to /(|A|) if m = Z(l - zY^-^/{log{z-2)f''-^ . Here Z = mu^^-^. 

Remark 2.5. Suppose (Dp be the logarithamic distance from 1 to |A| for the 
p^^^ combination of parameters, then 
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Dp = log{Zp-2} 

Dp converges for Zp>2. 
Remark 2.6. /m(l) = fmip) is unique for each n G N and {m^, Up, kp] G N. 

12 3 

.If Up I > |a„_i I 

z = 0,1,2,... 

then < /p-i(l) for all p = 2,3,4, .... This is also explained through 
figure EU 

Remark 2.S. The number of pairs {/m(l), fmin)} that satisfy remark lz!6l are 
countable. 

12 3 

if U„+i I > |a„| 

/ = 0,1,2,... 

then the sequence {/p(l) j^^j 23 ^ ®c(0)/or p > M G N. //ere !Sa(0) = 
{Z7GM+: |Z7-0| <a}/ora>0.' 

Proo/: \Ap+i \>\Ap\^ mp+iM^/^+i _ 1 > mpU^p^p^^ - 1. 



mpU^p^p ^ 



=^ (^1 -mp+iM^"+i^''+i"2j ^ (^1 -mpM^''^''"2 
This implies /p+i(l) < /p(l). We know that e^P ^ as p ^ 00, Thus 

fp{i)eMO)- □ 

Corollary 2.10. Since fp{l) G !3o(0), it follows from remark \2.3\ that { fi (2). 
/2(3), 1), ...} is a convergent sequence. 

3. MiD-POINT THEOREM 

Theorem 3.1. (Mid-point theorem) It is easy to verify that f is continuous 
on [1, |A|] and differentiable on {I, \A\), andfrom lemma \L2\ we have /(I) = 
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/(|A|), SO by Rolle's theorem there exists a G (1, |A|) such that f'{Q) — 0. 
Then this is the mid-point of the interval I = [1, |A|] . 

Proof. We have |A| = mu^^^^ — 1. Mid-point of the interval / is ju^^^^. 

/(0) = e"^'+"^{2uQ + v) = /(0)(2m0 + v). Since /(0) = 0, this means 
obviously 2ud + v = 0, because /(0) ^ 0. Therefore 0=2^ = ^u^^-^. 
Hence is the mid-point of the interval /. Fors a numerical example, con- 
sider {k = 3, m= 10,a = 8} as in section 1. For this combination |A| = 
40959, mid-point of the interval is 20480 and /(20480) =0. □ 

Theorem 3.2. Suppose 5i < 82 < •••5„, where 5,(> 0) G /. Thenfor a given 
combination of {k,m, m}, /(I -|- 5i) > f{l + 62) > .../(I + 6„)= /(|A| — 
5„) < ... < /(|A| — 82) < /(|A| — 5i) if and only if { \ +5„) is a mid-point 
ofI,wherebn = jU^''-^-l. 

Proof Verify easily that /( 1 + 5) = /( |A | - 5) for 5(> 0) G /. Consider 



(3.1) /(l + 5i)>...>/(l+5„) = /(|A|-5„)<...</(|A|-5i) 

By theorem I3TT] we know /'(0) = for G /. Hence (1 + 6„) is a mid- 
point. 

To prove converse we begin as follows. Since mid-point of the interval / 

is yM^^^^, we have 

,m '^u T, A(m,,2k-2\2 ^,,2k-\ m ,,2k-2 
^Zk—Z^ ^^[-ju ) —mil -ju 

(3.2) = e"^" 

Now for given 5„ = jM^^^^ — 1, we can verify that 

(3.3) /(H-5,)=/(|A|-6„) = e-^"''"' 

Since 5i < 82 < ...5„ and by equations 13.21 and 13.31 the result WA\ is 
straightforward. □ 

For large value of the distance function (D defined in remark ITU the 
shape of / look like the alphabet U |l6|. Suppose instead of positive integer. 
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p+m 



Figure 3.1. Relation between \Ap\ and /p(l). Vertical 
lines corresponding to \Ap\ are lengths of /^(l) for each p. 



let M G Z^and other parameters remain as before, and if we denote 
resulting function as g, then the shape of g was shown to have mirror image 
of t/ 0. Based on this information and from theorem IX^ we state the 
following corollary. 

Corollary 3.3. Suppose 5i < 82 < ...5„, where 5,(> 0) G /. Then for a given 
combination of {k,m,u}, ^(l + 5i) <^(l+52) < ...^(1 + 5„)= ^(|A| — 
5„) > ... > ^( |A I — 62) > ^( |A I — 61 ) if and only //" ( 1 + 5„) is a mid-point of 
I,wherehn = "iu^^-^-l. 

Readers can also verify Darboux's theorem for / on the intervals [1,9] 
and [0, |A|] for some /(I) > pi > /(0) or /'(0) < |32 < /(|A|) such that 
/(pi) =ai or/(p2) = a2forai G [1,0] and a2 G [0,|A|]. 

In general, results on dynamics and periodic properties for the quadratic 
function of the form -\-K ^ and periodic properties of natural numbers 
ll8l can be found. However, this present note is basically deals with a cor- 
respondence between natural numbers, quadratic exponential function, and 
the convergence of such functions mapped on natural numbers constructed 
using |A| . 
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